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We have conducted numerical studies on the three-dimensional laminar forced convection
heat transfer in a channel with spanwise-periodic ¯uted parts by applying the spectral
element and ®nite difference methods. The ¯ow ®eld is assumed to be fully developed, while
the temperature ®eld is supposed to be developing under the fully developed velocity pro®le.
The temperature on the plate surface is kept constant. Pressure drop, heat transfer, and
correlation between them are investigated for varying con®gurations of the ¯uted channel.
The nondimensional formulas with regard to the pressure drop and Nusselt number are
derived for the parameters of the channel con®gurations. Channel ef®ciency, which is
de®ned as the ratio of the heat transfer enhancement to the increase of pressure drop
compared with the parallel plate channel, is studied according to the nondimensional formulas to clarify the optimum parameter range of channel con®gurations.

INTRODUCTION
Improving heat transfer in a heat exchanger is a top priority for many industries. A plate-type heat exchanger currently is widely used, where increasing
demand for smaller space and lower noise level tends to make representative size and
velocity smaller; thus the Reynolds number becomes smaller. Consequently, it is
important to enhance the heat transfer in the laminar ¯ow regime.
We consider a two-phase-type heat exchanger, which must deal with two kinds
of working ¯uids. One such ¯uid like water is drained into the lower temperature
side, while the other, such as steam from evaporating water or chloro¯uocarbon,
is passed to the higher temperature side. The working ¯uids used for the lower
temperature side are generally in a single-phase state, while those for the higher
temperature side are in two-phase state due to condensation.
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NOMENCLATURE
a
Dh
h
L
l
Nu
Num
n
Pr
P, p
Re
s
Y
Yb
Yi
Yw
U0
x
x, y,

height of the ¯uted part from the
centerline
hydraulic diameter 4h
half height of the parallel plane channel
half period of the module
half width of the ¯uted part
local Nusselt number
mean Nusselt number
distance normal to the wall
Prandtl number
pressure
Reynolds number
distance along the ¯uted wall
nondimensional temperature
local bulk temperature
temperature at inlet
wall temperature
velocity at the origin O,
representative velocity
coordinate, x  (x, y, z)
z components of rectangular coordinate,
respectively

u
u; v; w
a
Dp
Z
k
l
n
r

velocity, u  (u, v, w)
velocity components in x-, y-, and z-,
directions, respectively
heat transfer coecient
pressure drop
eciency de®ned as the ratio
of heat transfer enhancement to increase
of pressure drop
thermal diusivity
thermal conductivity
kinematic viscosity
density

Subscripts
c
critical
p
parallel plate channel
Superscript

dimensional value

In laminar ®lm condensation with phase changes, plate surfaces with ¯uted
parts along the streamwise direction have been studied particularly for a model of
plate-type heat exchanges. The guiding principle for enhancement of heat transfer
eciency is to spread the liquid ®lm as thinly as possible over the widest possible
condensing heat transfer surface. Heat transfer is enhanced over an additional area
by attaching ¯utes on its plate surface. This is because strong surface tension aids in
the removal of condensate from the top to the bottom of the ¯uted part, thereby
producing a very thin liquid ®lm. In addition to this eect, the liquid layers on the
side surfaces of the ®ns are also expected to become locally very thin when the action
of surface tension to bring the liquid into grooves between the ®ns is strong enough.
The eect of surface tension on condensation on a ¯uted surface was ®rst analysed
by Gregorig [1], where the boundary layer theory is applicable because the liquid ®lm
is very thin. Later, Kedzierski and Webb [2] extended the analysis of Gregoing to
study the practical ®n shapes.
On the other hand, little research was done on the single-phase heat transfer in
a channel with ¯uted parts in the streamwise direction because the ¯ow and temperature ®elds become fully three dimensional, and it is too complicated to analyze
them. Sparrow and Charmchi [3] simpli®ed the problem and replaced it with twodimensional fully developed ¯ow and temperature ®elds, and analyzed the heat
transfer characteristics of a ¯at channel with a spanwise-periodic corrugated wall.
The channel extends in®nitely in the spanwise direction. The boundary condition of
uniform heat ¯ux was imposed on the corrugated wall, while the ¯at wall was treated
as adiabatic. Sparrow and Chukaev [4] investigated in the same manner the fully
developed ¯uid ¯ow and heat transfer characteristics of a ¯at channel with spanwiseperiodic rectangular corrugations at one wall. Two thermal problems were solved
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numerically by successively applying the boundary condition of uniform heat ¯ux at
each wall while keeping the other wall adiabatic. Therefore, they did not deal with
the three-dimensional problem such as the thermal entrance region. A comprehensive survey of the literature pertinent to the heat transfer behavior and friction loss
in fully developed regions has been provided by Shah and London [5] and
Kakac et al. [6].
In this paper, we study accurately the problem of single-phase convective heat
transfer in a ¯uted channel under the fully developed ¯ow and developing temperature ®elds using the spectral element and ®nite dierence methods. The ¯uted
parts are rectangular and are set up spanwise periodically and symmetrically with the
midplane of the plates. The temperature on the ¯uted plate surface is assumed to be
constant. Pressure drop, heat transfer, and correlations between them under varying
channel geometries are reported, so that the ecient channel con®guration with
¯uted parts can be established numerically.
MATHEMATICAL FORMULATION
We consider a parallel plate channel with spanwise-periodic ¯uted parts as
shown in Figure 1a. The ®gure depicts the channel cross section and indicates the
geometric quantities that de®ne its shape. Namely, the channel consists of parallel
plates of height 2h and symmetric ¯uted part of width 2l  and height a measured
from the midplane, and the spanwise period is 2L . In view of the symmetries inherent in the spanwise periodic geometry and midplane, we will pay attention only to
the typical cross-sectional module OABCDEFG shown in Figure 1b.
Take the rectangular coordinate x  (x, y, z) with the x-axis along the midplane of the parallel plate channel without the ¯ute and the y- and z-axes each
perpendicular to it with the origin O as shown in Figure 1. The ¯ow is assumed to be
incompressible. The ¯uid properties are assumed to be constant, and body force
eects such as gravity are ignored. The velocity u, the pressure p, and the temperature Y of the ¯ow are governed by the continuity, Navier±Stokes, and energy
equations as
Hu0
qu
 u  Hu 
qt

1

Hp 

1 2
H u
Re

2

qY
1
 u  HY 
H2 Y
qt
Re Pr

3

where all variables have been nondimensionalized using a characteristic length h ,
velocity U0 on the x -axis, and temperature Yi and Yw as
t

t U0
h

x

x
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u

u
U0

p

p
r U2
0

Y

Y
Yi

Yw
Yw

4

where we represent physical quantities with their dimensions by attaching a superscript  to them. The Reynolds number and the Prandtl number in the equations are
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Figure 1. Geometries and coordinates: (a) whole geometry, (b) calculation domain that is a quarter of the
whole geometry.

de®ned as
Re 

U0 h
n

Pr 

n
;
k

5

where n and k are the kinematic viscosity and the thermal diusivity of the ¯uid,
respectively.
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Moreover, nondimensional parameters to characterize the channel con®guration, half period L of the channel, half width l of the ¯uted part, and height a of the
¯uted part from the midplane are de®ned as
L  L =h

l  l  =h

a  a  =h

6

The channel consists of parallel plates without ¯ute for a  1, whereas it has ¯uted
parts for a 6 1.
Hereafter we are concerned with the problem of the fully developed velocity
and developing thermal ®elds. First we consider a stationary fully developed ¯ow.
If we assume the stationary laminar ¯ow in the ¯uted channel is parallel to the x-axis
and unchanged in the axial direction, the velocity u and the pressure p are expressed as
u x; t  U y; z; 0; 0

7

p x; t  P x

8

Substituting Eqs. (7) and (8) into Eqs. (1) and (2), we ®nd that Eq. (1) is automatically satis®ed and Eq. (2) is reduced to the following equations:
qP

qx

b  const:

9

qP qP

0
qy
qz



q2
q2

U y; z 
qy2 qz2

10
b Re

11

where b is a positive constant representing the pressure gradient downstream.
The boundary condition on the plate surface is given by
U y; z  0

at CDEF

12

In addition to this, the ¯ow is assumed to be symmetric along the lines OAB, BC,
and FGO. Then the symmetry boundary conditions are expressed as
qU y; z
0
qy
qU y; z
0
qz

at OAB

13

at BC and FGO

14

Second, we consider thermally developing ®eld under the fully developed
velocity pro®le. We presume negligible axial heat conduction when RePr is large
enough, and the wall temperature and temperature of the ¯uid at the inlet of the
channel are constant. Then Eq. (3) is reduced to the following form:
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 2

qY x; y; z
1
q
q2

U y; z

Y x; y; z
qx
Re Pr qy2 qz2

15

where x is taken from the thermal entrance point and the velocity pro®le is
fully developed at x  0. This gives an extended version of the Graetz±Nusselt
problem [7].
The boundary condition at the thermal entrance point is given by
Y x; y; z  1

at x  0

16

On the other hand, the boundary condition on the plate surface is given by
Y x; y; z  0 at CDEF

17

Also for the temperature ®eld, the symmetry boundary conditions are imposed at
OAB, BC, and FGO as
qY x; y; z
0
qy
qY x; y; z
0
qz

at OAB

18

at BC and FGO

19

NUMERICAL METHOD
To calculate the fully developed ¯ow, we obtain the velocity distribution
U y; z of the stationary ¯ow by solving a two-dimensional potential equation (11)
under the boundary conditions given by Eqs. (12)±(14). As the linearity of the
boundary value problem tells us at a glance, the magnitude of the solution U y; z is
proportional to b Re. Therefore, if a solution is obtained for a certain value of
(b Re)0, the solution for an arbitrary value of b Re is immediately derived from it.
Normalizing U(0, 0)  1, which means that the solution is divided by U(0, 0) for
(b Re)0 and then the right-hand side of Eq. (11) becomes (b Re)0={U(0, 0) for (b Re)0}
(refer to Tatsumi and Yoshimura [12]), we can obtain the solution that is equivalent
to adopting the dimensional velocity on the origin O as the characteristic velocity. To
calculate the developing thermal ®eld, substituting the resulting U y; z into Eq. (15),
we obtain the temperature ®eld in the thermal entrance region under the fully developed ¯ow.
The numerical calculations are carried out by utilizing the spectral element
method [8, 9] in y; z components with the ®nite dierence method in the x-direction. In the spectral element method, the actual solution domain is broken up into
three elements in this study (OADG, ABCD, and DEFG in Figure 1b), and each
element is mapped from the physical y; z space to the local y; z coordinate
system whose ranges are [ 71, 1], respectively. The velocity and temperature are
expanded by high-order Lagrangian interpolants through Gauss±Lobatto Chebyshev collocation points, de®ned as
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X
Ukmn hm yhn z

k  1; 2; 3
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m0 n0

Yk x; y; z 

N X
N
X
m0 n0

Ykmn xhm yhn z

k  1; 2; 3

21

where the interpolants are expressed as
N
2X
1
hi z 
Tn zj Tn z
N n0 cj cn

22

cl  1

l 6 0; N

23

cl  2

l  0; N

24

where the Tn are the nth order Chebyshev polynomials and i  m,n and z  y; z.
The Gauss±Lobatto points are de®ned as
z  cos pj
j
N

j  0; 1; . . . ; N

25

Substituting the expansions of Eqs. (20) and (21) into the weak forms of Eqs.
(11) and (15) and also using the Galerkin method, we obtain a set of algebraic
equations for Ukmn and a set of ordinary dierential equations with respect to x for
Ykmn(x). The set of equations for Ykmn(x) is solved in the thermal entrance region by
the ®nite dierence method with an increment of D
x where we put x  x=Re Pr, and
the Crank±Nicholson scheme is used. The fully developed temperature ®eld is determined when the mean Nusselt number on the ¯uted wall, which is de®ned at later
section, becomes independent of x and the maximum relative dierence of two
successive steps of x reaches 1077. The magnitude of D
x is taken as D
x  1  10 5 ,
and truncation parameters are taken as N  8, which are con®rmed as being large
enough by comparing results for various values of N. For example, the mean Nusselt
number for parallel plate channel (a  1, L  4) is 7.5406, which shows within 0.01%
a relative error with the analytical value of 7.541 [5].
RESULTS
The numerical calculation has been carried out for the parameter L  4, which
is ®xed, and for l  0:5 to 3.5 changed by every 0.5 and a  1 to 4 changed by
every 0.2.
Flow Field and Pressure Drop
The velocity distributions U y; z for (l,a)  (0.5,2.5), (1.0,2.0), and (1.5,1.5) are
depicted in Figure 2 as typical examples. The isovelocity contour levels have been
chosen to be at 0.05 intervals. It is seen that the velocity is maximum in the center of
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Figure 2. Fully developed ¯ow ®eld of U: (a) l  0.5 and a  2.5, (b) l  1.0 and a  2.0, (c) l  1.5 and
a  1.5.

the channel, and it becomes smaller near the plate surface. The ¯uted part becomes
taller as a increases and l decreases, so that the contour lines of U are sparse inside
the ¯uted part. Then we ®nd that the velocity gradient becomes slower especially in
the portion of an edge.
We consider the eect of ¯ute on the pressure drop. Now we de®ne the
quantity DP=DPp as a ratio of the pressure gradient for the ¯uted channel to the
corresponding quantity for a parallel plate channel with height 2h , which corresponds to the friction coecient ratio, de®ned as
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b Re0
DP
1

DPp 2 U 0; 0 for b Re0

26

where
DP 



dP
b Re0
1
dx U 0; 0 for b Re0 Re

27

from Eqs. (9) and (11), and DPp  2=Re from the velocity pro®le of plane Poiseuille
¯ow. It is found that Eq. (26) is independent of the Reynolds number.
In Figure 3a, we plot DP=DPp for each l against a. It is clear that DP=DPp is
always less than unity, thus showing that the eect of the addition of a ¯ute to a
parallel plate channel is one of drag reduction. This is due to stress relaxation at the
boundary line between the main ¯ow and the ¯uted part as well as due to stress
reduction along the ¯uted wall surface from the smaller velocity gradient. As shown
in Figure 3a, DP=DPp decreases and converges asymptotically to a constant value for
each l as a increases. On the other hand, it tends to unity as l decreases because the
channel approaches the parallel plate channel.
For practical applications, it is desirable to derive a nondimensional formula
that shows the relationship between the pressure drop ratio and the geometric
parameters of the channels. The pressure drop ratios are correlated with the least
square curve ®tting method for the geometric parameters l and a, and the following
equation is obtained as
DP
 exp 0:0389
DPp

1:5

0:238l1:5  

l 2 a 1:96 3:26=l
4:78  0:905l 2

28

As shown in Figure 3b, the pressure drop ratio obtained by the formula deviates by
less than 2% from the value given by the numerical calculation, where the vertical
axis shows the result obtained by the numerical calculation, and the horizontal one
indicates the value of the approximation formula for the given geometric parameters
a and l.
Thermal Field and Heat Transfer
The temperature distributions Y(x, y, z) in the thermal entrance region for
(l, a)  (0.5, 2.5), (1.0, 2.0), and (1.5, 1.5) are depicted in Figure 4, which illustrates
three dimensionally the evolution of temperature ®elds from x=Re Pr  0 to 2. The
thermal boundary layer builds up along the plate surface, accelerating the heat
transfer in the otherwise undisturbed core. Note that the temperature distribution
for the ¯uted parts are more developed than that for the plate without the ¯ute. It
eventually occupies the entire region and de®nes a fully developed temperature ®eld.
The fully developed temperature distributions Y(x, y, z) for (l, a)  (0.5, 2.5),
(1.0, 2.0), and (1.5, 1.5) are depicted in Figure 5. It is seen that the temperature is
highest in the center of the channel, and it reduces near the plate surface as well as
the velocity distribution. It is clear that the contour lines of Y are sparse inside the
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Figure 3. Pressure drop ratio: (a) DP=DPp for each l against a, (b) comparison with DP=DPp of numerical
calculation and (DP=DPp)eq of the nondimensional formula.
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Figure 4. Three-dimensional development of the temperature ®eld in thermal entrance region.
0  x=Re Pr  2: (a) l  0.5 and a  2.5, (b) l  1.0 and a  2.0, (c) l  1.5 and a  1.5.

¯uted part as a increases and l decreases, which may lead to reduction of heat
transfer particularly in the portion of an edge.
Next we consider the eect of ¯ute on the heat transfer. A local Nusselt
number, Nu, is de®ned as
 
a  D
4
qY
Nu s   h 
29
Yw Yb qn w;s
l
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Figure 5. Fully developed temperature ®eld: (a) l  0.5 and a  2.5, (b) l  1.0 and a  2.0, (c) l  1.5 and
a  1.5.

where a is the heat transfer coecient, l is the thermal conductivity of the ¯uid,
Dh  4h  is the hydraulic diameter and the constant, qY=qnw;s is the temperature
gradient normal to the wall at the position s along the channel wall, and Yb(x) is the
cross-sectional local bulk temperature de®ned as
RR
Y x; y; zU y; zdy dz
RR
30
Yb x 
U x; y; zdy dz
The integrals are to be carried over the cross-sectional area of the channel. The mean
Nusselt number Num is de®ned as
1
Num 
L a

Z
1

0

L a 1

Nu sds

31
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We de®ne the quantity Num=Nup to be the ratio of the mean Nusselt number
for the ¯uted channel to the corresponding quantity for parallel plate channel with
height 2h and Nup  7.54 [5]. In Figure 6, Num=Nup of the entrance region is depicted for three typical cases. The Nusselt number ratio changes from a thermal
entrance along the direction of the x-axis, as shown in the ®gure. It is clear that
Num=Nup is greater than unity for x=Re Pr < 0.02, and after that it reduces to less
than unity due to a decrease of heat transfer to the plate surface in the ¯uted part
compared with that of the parallel plate channel. The eect of the addition of a ¯ute
to the parallel plate channel is thought to be one of heat maintenance. If the distance
from the thermal entrance exceeds x=Re Pr  0.3, the Nusselt number ratios mostly
converge on the constant values. Therefore, we can see that the temperature ®eld is in
the fully developed state for x=Re Pr > 0.3, and then x=Re Pr  0.3 gives the length of
the thermal entrance region, where the velocity pro®le is fully developed at x  0.
Furthermore, we have con®rmed that these results are also the same with the cases of
the other geometric parameters studied here.
The ratio Num=Nup in a fully developed temperature ®eld is plotted against a
for each l in Figure 7a. It turns out that we obtain two dierent kinds of tendency as
shown in Figure 7a, depending on the magnitude of l, large or small. Namely, for the
case of l  1.5, Num=Nup decreases monotonically as a increases. On the other hand,
for the case of l  2.0, it decreases and converges asymptotically on constant values
as a increases.
For each case such as l  1.5 or l  2.0, the Nusselt number ratio is correlated
to the least square curve ®tting method for the geometric parameters l and a, and the
following equations are obtained, respectively, as
Num
 0:821
Nup

1:93 exp

l  f0:163  1:94 exp

lga

0:385 0:329l 3

for 0:5  l  1:5
32

Figure 6. Evolution of Nusselt number ratio along x=Re Pr.
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Figure 7a. Nusselt number ratio: (a) Num=Nup for each l against a.

Num
 0:496
Nup

0:0162l2  0:504  0:0165l2 a1:28

9:98 ln l=l

for 2:0  l  3:5
33

As shown in Figures 7b and 7c, the Nusselt number ratio obtained by the formulas
deviates less than 2% from the value given by the numerical calculation, where the
vertical axis shows the result obtained by numerical calculation, and the horizontal
one shows the value of the approximation formulas for the given geometric parameters l and a.
Correlation Between Pressure Drop and Heat Transfer
It is vitally important to know the channel con®guration to improve eciency,
which will be decided by correlative factors between heat transfer and pressure drop.
We de®ne a channel eciency Z as the ratio of the heat transfer enhancement to the
increase of pressure drop compared with the parallel plate channel as
Z

Num =Nup
DP=DPp

34

where Eqs. (28), (32), and (33) are used for the pressure drop and Nusselt number
ratios, which show the correlation between heat transfer and pumping power.
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Figure 7b±c. Nusselt number ratio: (b) comparison with Num=Nup of numerical calculation and
(Num=Nup)eq of the nondimensional formula for 0.5  l  1.5, (c) comparison with Num=Nup of numerical
calculation and (Num=Nup)eq of the nondimensional formula for 2.0  l  3.5.
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In Figure 8, we show the contour lines of Z against a and l in a bit larger
range than that which is ordinarily applied for each formula of the Nusselt number
ratio. In these ®gures, the region Z > 1 means that the heat transfer enhancement
exceeds the increase of pressure drop, and the eciency of the ¯uted channel is
superior to the parallel plate one. The region Z > 1 is indicated by solid lines, while
the region Z < 1 by dashed lines. In Figure 8a, Z exceeds unity in the near range of
l > 1 and becomes larger as a and l become larger, with the maximum value of
Z  4.21 at a; l  4; 2, although the values of the parameter are out of the limit of
Eq. (32). On the other hand, in Figure 8b, Z exceeds unity in the near range of l < 2.75
and has a maximum value of Z  1.52 at a; l  4; 2:2. Therefore, it is evident that
the optimum parameter ranges as Z exceeds unity are roughly 1 < l < 2.75 independent of a.
The pressure loss and heat transfer in the steady laminar ¯ow state have been
dealt with here. Generally, if the Reynolds number becomes larger and goes through
a certain critical value, the ¯ow bifurcates to an unsteady ¯ow state. For example,
the critical Reynolds number of the ¯ow in the parallel plate channel without ¯ute is
Rec  5772 by the linear stability analysis [10], or Rec  4350 by the nonlinear stability one [11]. The critical value, however, is not clear for the ¯ow in the ¯uted
channel because, using the three-dimensional stability analysis, it is too dicult to
obtain the critical value as shown by Tatsumi and Yoshimura [12] who carried out
the stability analysis for a rectangular duct ¯ow without ¯ute. The stability of ¯ow in
spanwise-periodic ¯uted channels is for future study.
On the other hand, if the ¯ow becomes unsteady in a channel with streamwise-periodic eddy promoters, it leads to the enhancement of heat transfer and
increase in pressure drop due to ¯ow mixing and periodic interruptions of thermal
boundary layers, as already clearly explained by Adachi and Uehara [13, 14], Wirtz
et al. [15], and Greiner et al. [16]. Especially the eciency of channels with rectangular eddy promoters exceeds unity once the ¯ow becomes unsteady, although Z
is less than unity for the steady ¯ow [14]. In this study, however, it should be noted
that the enhancement of heat transfer to the parallel plate channel has shown
exceeding increase of pressure loss to the parallel plate one even in the steady laminar
state. This fact is useful for studying heat transfer enhancement and reduction of
pressure loss, particularly in a low Reynolds number regime.
CONCLUDING REMARKS
We have performed a numerical investigation for the ¯ow and temperature
®elds in a channel with spanwise-periodic ¯uted parts as a simple model of a platetype heat exchanger. Numerical calculations of three-dimensional fully developed
¯ow and developing temperature ®elds have been carried out by using the spectral
element and ®nite dierence methods for the channel con®gurations L  4, which is
®xed, and for l  0.5 to 3.5 changed by every 0.5 and a  1 to 4 changed by every 0.2.
The main conclusions are summarized as follows:
1. We have derived nondimensional formula (Eq. (28)), which expresses the
relationship between the ratio of the pressure drop of the ¯uted channels
and that of the parallel plate channels and geometric parameters of the
¯uted channels.
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Figure 8. Contours of channel eciency against the geometric parameters: (a) 0 < l < 2, (b) 1.5 < l < 4.

2. We have obtained information about the length of the thermal entrance
region, three-dimensional temperature distribution, and development of
Nusselt number in the thermally developing region.
3. We have derived the nondimensional formulae (Eqs. (33) and (32)), which
express the relationship between the ratio of the mean Nusselt number of
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the ¯uted channels to that of the parallel plate channels and geometric
parameters of the ¯uted channels, for the fully developed temperature
®eld.
4. We have analyzed the channel eciency from the obtained nondimensional
formulas for pressure drop and Nusselt number ratios, and revealed the
optimal geometric parameter range of the ¯uted channels.
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